Abstract-This paper describes time-scale separation properties of dynamic models of wind-integrated power systems. We first derive a mathematical model for the dynamics of a power network consisting of synchronous generators, loads and a wind power plant modeled by a wind turbine and a controlled doubly-fed induction generator. We then aggregate this system into multiple coherent areas, and apply a linear transformation to represent the model in terms of slow and fast states. Using this transformed system we show that the ratio of the time constant associated with the swing states to that of the wind plant can be used to characterize conditions under which the slow time-scale of the power system changes with increasing wind penetration. We further demonstrate that these modal responses depend on the relative locations of the synchronous generators, the loads and the wind generator in the power system. We illustrate these observations through simulations of a two-area 8-bus power system and a five-area 68-bus power system.
I. INTRODUCTION

O
VER the past few decades the operating characteristics of the North American power grid have changed substantially due to increasing penetration of renewable energy resources such as wind. These changes have led to a significant amount of research investigating the challenges associated with large-scale integration of wind energy [1] - [3] . The impact of increased levels of wind penetration on the dynamics and stability of the grid [4] , and in particular on inter-area oscillations, have also been the subject of a number of recent studies [5] - [8] . Methods have been proposed to control these effects by regulating the wind farm power output [9] , [10] , and by controlling doubly-fed induction generators (DFIGs) to increase oscillation damping [6] , [11] . However, a detailed, rigorous analytical framework for evaluating the impact of wind penetration on power system oscillations has yet to be developed. Specifically, S. Chandra is with Schweitzer Engineering Laboratory, Pullman, WA 99163 USA (e-mail: schandr7@ncsu.edu).
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Digital Object Identifier 10.1109/TPWRS. 2016.2521403 there is very limited understanding of how wind power injection may affect the time-scale separation or coherency properties of conventional grid models [12] . Coherency arises from the partitioning of a power network into discrete generation areas, where each area consists of a group of strongly connected generators that synchronize over a fast time-scale and, thereafter, act as a single entity. The aggregated areas themselves are weakly connected to each other, and synchronize over a slower time-scale. Using singular perturbation (SP) theory, Chow and Kokotovic [12] derived an analytical model describing such fast and slow motions for synchronous generators. This model depends on the relative norms of the network admittance matrices containing external and internal interconnections among generators. The approach in [12] , [13] was complimented by various model reduction techniques introduced in related papers such [14] - [16] . Aggregation and coherency are still two of the most fundamental tools that are used to reduce the computational complexity of solving thousands of nonlinear equations in power system stability programs [17] . These approaches find wide applications in both small-signal and transient stability assessment [18] .
In this paper we study how the conventional coherency model of a power system changes due to the addition of wind power. We first derive a mathematical model for the dynamics of a power network consisting of synchronous generators, loads, transmission lines and a wind generator. The wind generator is modeled as a group of identical wind turbines electrically connected to the power grid at a point of common coupling via controlled DFIGs. We then aggregate the system into multiple coherent areas, and apply a linear transformation to represent the model in terms of slow and fast states. Using this transformed system we analytically show that the slow oscillatory modes of the power system can be affected by the wind plant depending on the wind penetration level and other power system parameters. Preliminary results on this topic have been recently reported in our conference paper [19] . Here we extend those results to include an explicit model showing the impact of wind penetration on the slow oscillatory modes of the power system [19] . We also develop detailed case studies illustrating the conditions when increasing wind penetration alters the slow oscillatory modes of the power system. In particular, we explore case studies examining the effect of wind plant location in both the two-area, four-machine Kundur power system and the five-area, sixteen-machine interconnected power system of the New England (NETS) and New York power systems (NYPS).
The remainder of this paper is organized as follows. Section II derives a small-signal model of the wind-integrated power system. Section III describes the time-scale separation of the wind-integrated power system. Section IV presents simulation results. Concluding remarks are provided in Section V.
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II. WIND INTEGRATION MODELING We consider a power system with the set of buses and generators where . These generators consist of a set of synchronous generators and one wind power plant. Without loss of generality we can reorder the buses so that the synchronous generator is always connected to the bus and the wind generator is connected to the bus. To understand the coherency properties for this system, we first derive its small-signal electro-mechanical dynamic model considering both the swing dynamics of the synchronous machines and the dynamics of the DFIG controlled wind power plant.
A. Synchronous Generator Model
We model the dynamics of each generator based on [20] 
The corresponding vector of linearized power outputs for the synchronous generators can be written as
Here, and are Jacobian matrices that are functions of generator parameters and initial bus voltages.
B. Wind Power Plant Model
For convenience of analysis, we consider an aggregate wind turbine model to represent the wind power plant. This model is obtained by first deriving the dynamic model of an individual wind generator. As is standard in the literature, we consider each turbine to be identical [21] and thus employ an aggregate transfer function based on one representative turbine. The power output of the wind power plant is then obtained by summing the power outputs of the individual turbines.
The individual wind generator model has a mechanical and an electrical subsystem as shown in Fig. 1 . The mechanical sub- system consists of a two-shaft drive train connecting the wind turbine to a DFIG [22] . The rotor and the generator, which have respective inertias and , and friction coefficients and , are connected through a transmission gear with a gear ratio , a torsion stiffness , and damping factor . The turbine model can be expressed in terms of the rotor speed , the generator speed and the generator torsion angle as,
where , is the aerodynamic torque input based on a turbine with swept area , power coefficient , air density , and a wind speed of [22] . The power coefficient and the rotor speed are obtained from a maximum power point tracking algorithm based on a certain wind speed.
is the torque generated by the electrical subsystem, whose description follows.
The electrical subsystem is comprised of a DFIG, which is modeled through the dynamics of its stator and rotor variables. Expressing these dynamics in a rotating direct and quadrature axes (d-q) reference frame rotating at a constant speed [23] 
where is the electrical speed, is the number of electrical poles of the DFIG, and is the differential operator. Subscripts and respectively indicate quantities associated with the stator and rotor circuits. The symbols , and respectively denote voltage, current, and resistance. and are respectively the stator, rotor and magnetizing inductance. The electromagnetic torque provided to the shaft by the DFIG, which serves as the input in (5b), is given by (7) Both and are controllable quantities that can be designed via state feedback in order to ensure stable operation of the DFIG. We next briefly describe this design process.
The active and reactive power output of a DFIG is a sum of the active and reactive powers of both the stator and the rotor. The ratio of the rotor power to the stator power is equal to the slip of the machine, which is usually very small. So in this work we neglect the rotor power of the DFIG and consider the active and reactive power output at the wind bus to be equal to that of the stator. This assumption leads to
The control of and in a DFIG is usually decoupled into and respectively, by the rotor side converter [24] , as shown in Fig. 2 . Assuming to be the synchronous frequency, the and axis stator voltages are given by, (9) We consider the bus to be the wind bus and model it as a PV type bus with equilibrium voltage . This allows us to control the active and reactive power output of the stator by and respectively. Ignoring the dynamics of the stator flux, the and axis stator flux relations can be used to derive the following expressions for the stator and rotor currents, (10) The details of the design are provided in [24] . The relations in (10) can be used to compute the q and d axis reference currents
Here the active power reference for the wind generator , is obtained from a maximum power point tracking algorithm while the reactive power reference is obtained by solving a power flow problem. Finally the design of and follows from (11) as (12a) (12b) where and are the respective proportional and integral gains. and are feedbacks containing the respective terms in (6c) and (6d), which couple the rotor circuit equation in a certain direction of the -axis with other state variables of the DFIG. Equations (5)- (12) represent the nonlinear state-variable model of any turbine where , and is the number of turbines. Note that with a slight abuse of notation we have dropped the notation in (5)- (12) since we assume every generator to have identical parameters [21] . Since the current control is executed over a much faster time-scale than the states in (6) we ignore the controller states and derive the linearized model for the wind generator about a constant operating point, , leading to (13) where and are the state and input matrices. The corresponding state variables are given by and in (13) are independent of as we assume each turbine to have an identical model. All of the wind generators within the wind power plant are connected to bus , and hence see identical output bus voltage. Defining the aggregate wind plant state as , the dynamics of the wind power plant can be written as, (14) with the corresponding linearized power outputs (15) Here, and . Since the total power output of the wind plant is the sum of the individual power outputs of the turbines, appears as a multiplying constant in the output matrices on the right hand side of (15) . We next connect the swing dynamics in (2) with the wind generator dynamics in (5) through the common power flow equations in (4) and (15) .
C. Wind Integrated Power System Model
The active and reactive power flow balance at any bus and any time can be written as [13] (16a) (16b)
Here, and respectively denote active and reactive power generation at bus . For , these terms correspond to contributions from the synchronous generators, while they correspond to the wind power generation when , i.e., is the wind bus. For every bus and are respectively the load conductance and load susceptance with line charging. We assume the lines to be lossless, and denote the susceptance of the line connecting buses and as . The quantity , by definition, is the difference in the voltage phasors between 
The stator of the DFIG is directly connected to the wind generator at bus . The linearized power flow of the wind generator bus in (15) can, therefore, be rewritten as
where , and and respectively share the structure of and described above. The power flows at buses with no generators are (20) where and respectively share the structure of and . Combining (18)- (20), the power flow for the overall small-signal model is given by (21) where . Note that is a weighted admittance matrix of the network. Finally, we combine (2), (14) and (21) to obtain the following Kron-reduced model of the wind-integrated power system: (22) where , and .
III. TIME-SCALE MODELING In this section we investigate the time-scale separation properties of the wind-integrated power system model (22) . We first aggregate the network into a set of coherent areas, where of these areas contain only synchronous generators. The remaining area has a mix of synchronous generators and a wind plant. We denote the parameters associated with area using a superscript . denotes the small-signal phase angle of the synchronous generator in Area . For ease of exposition, we reorder the states so that for each Area , the 's appear consecutively in the state vector . Quantities related to the connections between generators inside an area are indicated with the superscript , while those capturing the connections between different areas are denoted using the superscript .
A. Power System Time Constants
As in [12] we assume that the power system model in (22) satisfies the following two properties. 1) Property 1: For any Area , the ratio of the maximum susceptance corresponding to the external connections (i.e., connection to other generation areas) is lower than the ratio of the minimum susceptance of its internal connections . This property is characterized by defining the small parameter , which will lead to the slower synchronization between generators in different areas. 2) Property 2: A given area has many more internal connections than external connections. This property can be quantified by a small positive parameter , where . Here, the ratios of the number of external and internal connections in Area to the number of buses in that area are respectively denoted as and . If the bus voltages of the power system network are given, the time-scales of the system can be specified by first partitioning in (21) as (23) where and respectively contain the elements of associated with the internal and external connections, and is a dimensionless constant defined as (24) The matrix in (22) can also be separated as,
where and .
The matrix can be further decomposed as where models the contribution of the internal connection of the synchronous generators in while models the contribution of the wind plant [9] . The infinity matrix norms, which are denoted as and are, however, generally not of the same order for typical wind penetration limits. To mitigate this effect we introduce the dimensionless scaling factor (26) where is the maximum stator current of the wind plant. As the number of wind turbines is increased, the collective current at the point of common coupling of the wind plant increases and so does . We then write (27) where with and . The form of along with the definitions of and in (19a) and (19b) respectively ensure that the matrix norms and are of the same order of magnitude. We will next show that and together model the slow and fast time-scales of (22), when properties 1 and 2 hold.
Remark 1: The construction above can be easily generalized to wind power plants in different areas. In that case, one would first construct constants for the individual wind plants following (26), and then define the constant as the maximum of these constants.
B. Time-Scale Separation
Following [12] we define the slow variables for the areas as (28) where is the number of synchronous machines in area , and is the inertia of the generator in that area. The subscript on the left of (28) denotes the slow variable for any area that contains only synchronous generators. Similarly, the slow variable for Area is defined only in terms of the angles of the synchronous generators in that area, i.e., (29) where is the total number of synchronous and wind generators in area . The subscript on the left of (29) denotes the slow variable for the area with wind power generation. The expressions in (28) and (29) can be combined as (30) where is a diagonal matrix of aggregate inertias, and with each . Similarly, the fast dynamics of the synchronous generators in Area [12] are defined as Applying the similarity transformation in (30) and (32), the time-scale separated form of (22) is given by (34) where is a diagonal matrix of the first diagonal elements of is the diagonal element of , and Algorithm 1 describes the procedure for constructing the matrices and .
Algorithm 1 Construct and
Construct
, where is defined in (32)
, where is defined in (2) Construct and using and , defined in (22) Construct using as defined in (25) , and defined in (24) Construct the submatrices of as using as defined in (26).
Construct from using the similarity transforms (30) and (32).
C. The Effect of Wind Injection on the Time-Scales
In order to understand how the wind power plant affects the time-scales, we further transform (34) based on the slowest time-scale. Typically for 15-20% wind power penetration, in (26) is smaller than in (24) , because at this level of wind penetration the external admittance is larger in magnitude than the current injected into the system by the wind plant. This fact leads us to transform (34) into the slowest time-scale with the substitution and obtain, where
Here we have reordered and in the state matrix to arrange the states in ascending order of their time-scales. Since the relative norms of the inertia matrices and are already consistent with the assumption of coherency, the time-scale separation of (35) is completely characterized by the two constants and , which have typical values of 0.032 and 0.003 respectively for a system with 10% wind penetration. Since the time constants for and are smaller than those of and , their effects decay quickly. We therefore assume the dynamics of and to be in quasi-steady state, i.e.,
, and reduce the model to (36) where Equation (34) shows the complete analytical form of the timescale separation for the dynamics of a wind-integrated power system with wind injection in a single generation area. Equation (36) shows how the amount of wind power injection , affects the slow time-scale dynamics. Increasing by a factor of two or three from its base value will increase , but the ratio will still be significantly less than 1. A larger increase in that leads to a ratio close to one would lead to an unrealistically high level of wind penetration, a situation not relevant for the current study.
The most important implication of (34) is the dependence of the relative norms of the matrices and on the equilibrium values of the bus voltages. Changes in the locations of the synchronous machines, the wind generator and the loads affect the voltages of the buses and in turn changes the associated matrix norms of and which is reflected in the slow eigenvalues of the system in (36). In the next section we illustrate this behavior through two specific case studies.
IV. RESULTS
In this section we investigate the time-scale separation properties of the wind integrated power system via two power system models; an 8-bus, 4-machine, 2-area power system [20] and a 68-bus, 16-machine, 5-area power system [25] , each integrated with one wind power plant. For each case we explore the effects of placing the wind power plant in different generation areas as the wind penetration level is varied. We vary the wind penetration level by adjusting the parameter , which is the number of wind turbines in the wind farm. We use to define a penetration level as the total wind power divided by the total load in the entire power system. For each scenario we first solve a power flow problem to compute the equilibrium values of the system state, and then compute the corresponding linearized model (22) . We illustrate the slow time-scales in terms of three system properties; (1) the infinity norms of the matrices and , which illustrate the ratio between and , (2) the slow eigenvalues of the power system model in (22) , and (3) the impulse response of the aggregate angle difference between two generation areas as is varied, which shows the effect of on the slow oscillations. For all our simulations we consider the small-signal perturbation to be an impulse change in the mechanical input to synchronous generator 1, in (1b).
A. 2-Area 8-Bus Power System
We simulate the 8-bus, 4-machine, 2-area power system for two different cases, one with wind injection at bus 5 in area 1 and BUS 7 another with wind injection at bus 7 in area 2. These two scenarios are shown in Figs. 3(a) and 4(a) respectively. The major load of the system is located at bus 8 in area 2. The parameters of the power system model are given in Appendix A and the wind parameters are given in Appendix B. In order to investigate the time-scale separation of the wind-integrated power system in (36) over different values of we balance the overall generation and power flow in a manner that ensures the aggregate inertias of the respective generation areas are comparable. We also choose a synchronous generator close to the wind bus as the slack generator in order to force the bus voltages to maintain similar values as is varied. For the two wind locations, is assumed to take values of 0 (the base case), 250, 500 and 750, which respectively correspond to wind penetrations of 0%, 5%, 10% and 15% for the total connected load in the system.
1) Wind Injection at Bus 5:
In this scenario the wind power plant is connected to bus 5 in area 1, while the major load is connected to bus 8 in area 2, as shown in Fig. 3(a) . Bus 1 is treated as the slack bus. Table I(a) shows that is substantially higher than , so . As increases the power flow across the inter-area tie-line joining buses 6 and 7 also grows thereby increasing . The growth of is reflected in the slightly higher frequency of the slow oscillatory modes, as seen in the imaginary parts of the slow eigenvalues in Table I (a). The impulse response of the aggregate angle difference between area 1 and area 2, shown in Fig. 3(b) , also confirms the increasing frequency of the slow oscillatory mode with increasing . Table II shows the fast eigenvalues for different . The entries indicate that the fast modes are largely unaffected by wind penetration. 
2) Wind Injection at Bus 7:
In this scenario both the wind power plant and the major load is in area 2, as shown in Fig. 4(a) . Bus 4 is considered to be the slack bus. In this case also has a higher magnitude than as shown in Table I(b) . However, in contrast to the previous case with increasing wind penetration the power flow along the inter-area tie line between bus 6 and bus 7 remains relatively unchanged, which is reflected in the relatively constant value of . Correspondingly the slow oscillatory modes of the power system remain almost identical as is varied, as shown in Table I (b). The impulse response of the aggregate angle difference between area 1 and area 2, also maintains consistent behavior with increasing , as shown in Fig. 4(b) . In this case the change in the fast eigenvalues with increasing is also negligible, as shown in Table II .
B. 5-Area 68-Bus Power System
In this subsection we simulate the 68-bus, 16-machine, 5-area power system shown in Fig. 5 . Again we investigate two representative scenarios. In scenario 1, the wind power plant is located in area 1, where the total connected load is more than the total generation, while in scenario 2 it is located in area 2, where the load is less than generation. Due to the respective proximity of generator 8 and generator 13 to buses 66 and 38, we choose these as the slack generators for the two cases. The parameters of the power system model are given in [25] , while the wind parameters are given in Appendix B. For each of the cases, is assumed to take values of 0 (the base case), 250, 500 and 750, which respectively correspond to wind penetrations of 0%, 2.5%, 5% and 7.5% of the total connected load of the system.
Table III(b) shows that the eigenvalues are insensitive to wind penetration in the first case, while for the second case the modes get slower with increasing wind penetration ultimately leading to instability. We discuss the correlation of these observations to the location of the wind bus for each of the scenarios in subsections IV-B1 and IV-B2 respectively.
1) Wind Injection at Bus 66:
In this scenario the wind power plant is connected to bus 66 in area 1, as shown in Fig. 5 . For this particular case, increases by a small amount with increasing , and hence the slow eigenvalues remain essentially unaffected, as shown in Table III (b). The relationship between and is complicated by the number of interconnections in this multi-area system. Therefore, it is difficult to determine whether will in general increase or decrease with for any generic large power system model. The time response of the aggregate angle difference , due to an impulse change in the mechanical input of generator 1 is shown in Fig. 6(a) . As expected based on the eigenvalues, the impulse response is unaffected by changes in .
2) Wind Injection at Bus 38: In this scenario the wind power plant is connected to bus 38 in area 2, as shown in Fig. 5 . Here the amount of generation exceeds the connected load of the area. Increasing leads to a decrease in , as reflected in the slowing down of the slow modes shown in Table II(b). The time response of the aggregate angle difference , due to an impulse change in the mechanical input of generator 1 is shown in Fig. 6(b) . The responses get slower with increasing . For , the system becomes unstable, as shown by the positive real eigenvalue in Table III(b) .
The results suggest that distinct separation of time-scales in a wind power system not only depends on the level of wind injection , as quantified by , but also on the equilibrium angles of the power system, which in turn depend on the system topology and the location of the wind plant. The amount of wind penetration and the relative location of the wind plant with respect to conventional generators and loads can change significantly. If is reduced due to increasing , the inter-area or slow mode becomes slower. Correspondingly, the aggregate inter-area angle differences also show a slow response for an impulse input. If is below a critically small value it can cause the system to become unstable.
V. CONCLUSION
This paper extends the concept of time-scale separation of coherent power systems to systems with wind penetration. We derive a system model that highlights the dependence of the slow time-scales associated with the power system dynamics on the level of wind penetration in a single generation area. Simulations of the system model illustrate that time-scale separation depends not only on the level of wind injection but also on the system topology and location of the wind plant. The results further show that increasing wind penetration may result in instability for certain operating conditions. Explicit knowledge of the critical wind penetration that can lead to instability is important for system planning. Our future work will, therefore, focus on finding this critical limit for a general power system model. We will also use the proposed model for designing distributed wide-area oscillation damping controllers.
APPENDIX A MODEL PARAMETERS FOR TWO-AREA KUNDUR SYSTEM
The synchronous machines are modeled with the following generator parameters assuming a 100-MVA base:
1) Gen 1: sec, p.u., p.u.
2) Gen 2:
sec, p.u., p.u.
3) Gen 3:
4) Gen 4:
sec, p.u., p.u. Line parameters in per unit with a 230 kv, 100-MVA base are:
and .
